Abstract. It is shown that if A is a regular local ring and I is a maximally differential ideal in A, then I is generated by an A-sequence.
Introduction
Let (A, m) be a Noetherian local ring and let I be an ideal in A. Assume that I is maximally differential under a set of derivations of A. Then A/I contains a field k. If k is of characteristic p > 0 then the structure of A/I is given by Harper's theorem [4] (see [7] for a proof).
Assume now that A/I contains a field of characteristic zero. Then so does A and by Lemma 1.3 of [6] , I is a prime ideal. If A is a G-ring (see p. 256 of [9] for definition) then, by [5] , A/I is regular. However, in general, A/I is not regular (see [6] , [3] or [8] for counter-examples). One notes that in all these counter-examples, the ring itself was nonregular.
Therefore one may ask the following question: If A is regular then what are the properties of A/I? In particular, is A/I regular? It is trivial to prove that A/I is regular if dim(A) ≤ 1 (note that I is a prime ideal). If dim(A) ≥ 2, the problem appears to be hard and we have not been able to solve it even for dim(A) = 2. However, what we show in this note is that if A is regular then I is generated by an A-regular sequence. Therefore A/I is, in fact, a complete intersection.
We prove this result without any condition on the characteristic of the ring. Moreover, I may either be maximally differential under a set of derivations or a set of higher derivations, i.e, Hasse-Schmidt derivations.
We also extend our result (Theorem 4 of [7] ) about the structure of a maximally differential ideal in positive characteristic to unequal characteristic case.
Results
By a ring we mean a commutative ring with unity.
Let A be a ring. We first recall a few definitions.
Let D be a set of derivations (or a set of higher derivations) of A.
If A is local and D is a set of derivations (or a set of higher derivations) of A, then A has a unique maximally D-differential ideal I, and I contains all proper D-differential ideals of A.
An ideal I of A is called a maximally differential ideal if it is maximally D-differential for a set D of derivations or of higher derivations.
The ring A is called a differentially simple ring if the ideal (0) is maximally differential in A.
For a ring A and an A-module M, let ℓ A (M) denote the length of M over A. We start by proving the following result:
The proof is straightforward and perhaps it is available somewhere. Unfortunately, we do not have a reference and therefore we provide here a proof.
Note that the length of A/(x
is finite as its support is {m}. We prove the result by induction on m = k 1 + k 2 + · · · + k n . If m = n, then each k i equals 1 and the result is obvious. Now suppose that m > n. Without loss of generality, we may assume that k 1 ≥ 2. We then have the following exact sequence of A-modules
, . . . , x k n n ) and π is the natural surjection. Hence
The following result is an extension of our result (Theorem 4 of [7] ) in the sense that here we do not assume that the ring contains a field and hence is valid even for local rings with unequal characteristics. Also note that the first case is included in the second case.
We recall the following result from [10] : We now prove our main result: 
